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We discuss generalized global symmetries and their breaking. We extend Goldstone’s theorem
to higher form symmetries by showing that a perimeter law for an extended p-dimensional defect
operator charged under a continuous p-form generalized global symmetry necessarily results in a
gapless mode in the spectrum. We also show that a p-form symmetry in a conformal theory in
2(p + 1) dimensions has a free realization. In four dimensions this means any 1-form symmetry
in a CFT4 can be realized by free Maxwell electrodynamics, i.e. the current can be photonized.
The theory has infinitely many conserved 0-form charges that are constructed by integrating the
symmetry currents against suitable 1-forms. We study these charges by developing a twistor-based
formalism that is a 4d analogue of the usual holomorphic complex analysis familiar in CFT2. The
charges are shown to obey an algebra with central extension, which is an analogue of the 2d Abelian
Kac-Moody algebra for higher form symmetries.
I. INTRODUCTION
In this short note we discuss aspects of generalized
global symmetries [1]. A p-form generalized global sym-
metry is an invariance of a theory parametrized by a
closed p-form, resulting (in the continuous case) in a di-
vergenceless p+ 1-form current J :
d ? J = 0 . (1.1)
The 0-form case is just a conventional global symme-
try and results in a conserved particle number, whereas
the higher-form generalizations result in a conserved den-
sity of higher dimensional objects (strings, branes, etc.).
Thus the operator charged under a p-form symmetry is
p-dimensional: in the conventional 0-form case we have
a point-like local operator that creates a particle, in the
1-form case we have a line-like operator (e.g. a Wilson
or t’Hooft line [2, 3]) that creates a string, etc.
Though they may sound unfamiliar, such generalized
symmetries are in fact present in many very familiar the-
ories. They have recently found applications in diverse
contexts, ranging from constraining the phase structure
of gauge theories and topological phases [4–10] to a new
symmetry-based formulation of magnetohydrodynamics
[11].
At the heart of these applications lies the fact that
higher-form symmetries are just as powerful as conven-
tional global symmetries: they may be coupled to exter-
nal sources, they sometimes have anomalies and they can
spontaneously break. Following Landau, we should then
classify low-energy phases of matter by studying the real-
ization of these symmetries. An order parameter for the
potential breaking of the symmetry is the long-distance
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behavior of the charged operator. For a p-form symme-
try, a charged object W (C) is defined on a p-dimensional
submanifold C.
There are two possible phases: in the first, the sym-
metry is unbroken. In this case, we find at long distances
〈W (C)〉 ∼ e−Tp+1Area(C) , (1.2)
where Area(C) denotes the volume of a (minimal) p+ 1
dimensional manifold B that “fills in” C such that ∂B =
C and Tp+1 should be understood as the non-zero tension
of the p + 1 dimensional objects that J counts. This
is the analogue of an exponentially decaying correlation
function 〈O†(x)O(0)〉 ∼ exp(−m|x|) in the 0-form case,
and in the 1-form case it is literally an area law for the
line-like operator. If C is topologically non-trivial, then
there exists no B and W (C) vanishes.
In the other phase, the symmetry is spontaneously bro-
ken. In this case, we find
〈W (C)〉 ∼ e−TpPerimeter(C) , (1.3)
where Perimeter(C) is understood to denote the p-
volume of the p-dimensional manifold C itself.1 This
only depends locally on C and so is the analogue of a
factorized correlation function 〈O†(x)O(0)〉 ∼ 〈O†〉〈O〉
in the 0-form case.
II. HIGHER FORM GOLDSTONE MODES
We now present a higher-form generalization of Gold-
stone’s theorem to show that a spontaneously broken p-
form symmetry results in a gapless Goldstone mode. The
Ward identity for J in the presence of W (C) is [1]:
(d ? J(x))W (C) = iqδC(x)W (C) , (2.1)
1 This is somewhat imprecise: it may actually include any local
functional of the geometry of C, e.g. an extrinsic curvature, etc.
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FIG. 1: Geometry for Goldstone theorem: C is an
infinite p-plane that intersects Bd−p at a single point;
Sd−p−1 is the boundary of Bd−p.
where q is the charge of W (C) and δC(x) is a (d−p)-form
delta function2 with support on C.
Now, suppose that we are in a spontaneously broken
phase. As W (C) obeys the perimeter law (1.3), we may
define a new renormalized W (C) by stripping off the
perimeter dependence:
W (C) ≡W (C)e+TpPerimeter(C) . (2.2)
This satisfies the same Ward identity (2.1) and is still
defined locally on C.
Let us now take C to be an infinite flat p-plane and
consider a (d − p) dimensional ball Bd−p with radius R
that intersects C at a single point, as shown in Figure 1.
The boundary of Bd−p is a Sd−p−1 that wraps C, and
R is the perpendicular distance from C to the Sd−p−1.
Integrating both sides of (2.1) over this ball and using
Gauss’s law we find
W (C)
∫
Sd−p−1(R)
?J = i q W (C) . (2.3)
Now take the vacuum expectation value of both sides of
this expression. As we have removed the leading perime-
ter dependence, by construction W (C) will have a finite
expectation value: W (C) = c. Now as we increase R
the right-hand side and thus the left-hand side cannot
change. But this means that the correlation function
〈J(R)W (C)〉 ∼ i q c
Rd−p−1
, (2.4)
where J(R) is the current evaluated at a typical point
on the Sd−p−1. There is thus a power-law correlation
between the current and W (C). This implies that there
is a massless excitation in the spectrum, which we will
call the higher-form Goldstone mode.
2 More precisely it is a d − p form that is zero away from C and
such that for any p-form field Bp we have∫
Rd
Bp ∧ δC(x) =
∫
C
Bp .
In particular, in the case that p = 0, C is just a single
point and the argument is merely a reformulation of the
usual Goldstone theorem in the language of Euclidean
path integrals rather than commutators.
Let us now apply this machinery to Maxwell electrody-
namics in four dimensions. In the absence of dynamical
magnetic monopoles, this theory has a p = 1 generalized
global symmetry, with a conserved current that counts
magnetic flux:
Jµν =
1
2
εµνρσFρσ, (2.5)
where F is the field strength. The line-like operator
W (C) charged under J is the t’Hooft line [2]; this corre-
sponds to the insertion of an external magnetic monopole
along a fixed worldline C.
We now discuss the phases of electromagnetism from
this point of view. Consider first free electrodynamics
with no charged matter. In this case it is straightforward
to show that W (C) has a perimeter law, and thus the
1-form symmetry associated with (2.5) is spontaneously
broken. The Goldstone mode is the usual photon [1].
To make this comparison clear we write the low-energy
action and current as
S = −g
2
4
∫
d4x (dA˜−b)2 , J = g2
(
dA˜− b
)
, (2.6)
where A˜ is a 1-form that is conventionally called the mag-
netic photon, b is an external 2-form source that couples
to this current, and (2.6) is the electric-magnetic dual of
the usual Maxwell action. The t’Hooft line is realized in
terms of this low-energy field as W (C) = exp
(
iq
∫
C
A˜
)
.
We see that (2.6) should actually be viewed as the Gold-
stone action for a spontaneously broken 1-form symme-
try, where the usual U(1) gauge coupling g2 plays the
role of the stiffness of the symmetry breaking.
This description applies to our own universe provided
we are at scales longer than the mass of the electron.
Thus the fundamental (gauge invariant) principle pro-
tecting the masslessness of our photon is a spontaneously
broken 1-form symmetry. The basic physical idea that
condensation of extended objects leads to gapless modes
is central to the idea of “string-net condensation” used
to construct emergent photons from lattice models [12],
and our proof shows how such ideas may be understood
in the continuum.
In the Higgs (i.e. superconducting) phase of electro-
magnetism the behavior of magnetic flux is different: it
is instead collimated into a tensionful Abrikosov-Nielsen-
Olesen vortex. Thus W (C) has an area law (1.2) with
Tp+1 the tension of the vortex. The 1-form symmetry in
this phase is unbroken. This provides an order parameter
for superconductivity: it is well-known that there does
not exist a conventional gauge-invariant order parameter
using only local operators [13]. See also [14, 15].
Returning to the general case, we see that for a
spontaneously-broken p-form symmetry, the current J is
3always realized nonlinearly in terms of a Goldstone p-
form gauge field B as J = v2dB with action
S = −v2
∫
ddx (dB)2 , (2.7)
where v is a stiffness and where the coupling to the
charged operator is W (C) = exp
(
iq
∫
C
B
)
. This con-
struction saturates the broken Ward identity (2.1).
III. CONFORMALITY AND PHOTONIZATION
We will now discuss a property of p-form symmetries
in even dimensions d where d = 2(p+ 1); in other words,
the rank of the current p+1 is half of the dimension. We
will show that conformal field theories with such currents
always have a free realization of the current in a sense
that we will make precise.
For notational convenience, define n ≡ p + 1 = d2 and
consider the two-point function of two currents in a con-
formal theory on Rd, which is completely fixed by scale
invariance and conservation up to an overall prefactor k:
〈Jµ1···µn(x)Jρ1···ρn(0)〉 =
k
xd
(
gµ1ρ1 · · · gµnρn − dx
µ1xρ1
x2
gµ2ρ2 · · · gµnρn
)
. (3.1)
In this expression, it should be understood that the right-
hand side is always antisymmetrized over both µi and
ρi. There are only two possible tensor structures that
can appear, and their relative factor has been fixed by
demanding that ∂µ1J
µ1···µn(x) = 0.
Let us now define the “dual” current J? as:
J? ≡ ?J , Jν1···νn? ≡
1
n!
εν1···νnµ1···µnJ
µ1···µn . (3.2)
We now compute the two-point function of the divergence
of J? with J . From (3.1) it is a few lines of algebra to
show that
∂ν1〈Jν1···νn? (x)Jρ1···ρn(0)〉 = 0 , (3.3)
where the equality depends on the precise form of (3.1)
and will not generically hold in a non-scale-invariant the-
ory. This implies that
〈∂ν1Jν1···νn? (x)∂ρ1Jρ1···ρn? (0)〉 = 0 . (3.4)
Thus the operator ∂ν1J
ν1···νn
? has vanishing two-point
function in the vacuum. However, this two-point func-
tion measures the norm of the state created by acting
with the operator ∂ν1J
ν1···νn
? on the vacuum. This norm
must be positive in a unitary CFT; it can only vanish if
the operator is itself zero. We conclude that just like J ,
its Hodge dual J? is also a divergenceless current.
Using the fact that ?2 = ±1, we thus find that we have
d ? J = 0 , dJ = 0 . (3.5)
These two equations together mean that we can always
locally write J in terms of a d2 − 1-form B that obeys a
free wave equation:
J = dB , d ? dB = 0 . (3.6)
Thus the correlation functions of the current can always
be obtained from a free theory. This free theory is noth-
ing else than the theory of Goldstone modes discussed
above (if p > 0). Therefore CFT s in this class are al-
ways in a spontaneously broken phase. This can only
happen for d = 2(p+1) as only then, is the stiffness (2.7)
a dimensionless parameter. Conversely, also only when
d = 2(p + 1), a symmetry broken phase always corre-
sponds to a CFT. While free, these theories are still pa-
rameterized by the dimensionless stiffness and the spec-
trum of (non-local) operators depends on it.
Let us now discuss the implications of this result. Con-
sider first the case d = 2, p = 0. Then we have derived
the well-known fact in CFT2 that if a vector current J
is conserved, its axial counterpart ?2J is also conserved.
This allows us to break the current into separately con-
served holomorphic and antiholomorphic pieces and is
the starting point for the construction of the U(1) Kac-
Moody algebra. B is a free compact scalar, and the rep-
resentation of the current algebra in terms of this free
scalar is normally called bosonization.
We now turn to d = 4, p = 1. It is helpful to think
of the case of electromagnetism: if we have a conserved
2-form current J for magnetic flux, conformality implies
that we also have a conserved 2-form current for electric
flux. In other words, we cannot have electric charges.
The theory is necessarily free 4d electrodynamics with
B the free (magnetic) photon: we have shown that any
1-form current can be photonized.
Normally the logic here is reversed, and one says that
the presence of electric charges makes the U(1) coupling
run logarithmically, spoiling conformality. The argument
here shows that this result is more general than the per-
turbative context in which it usually appears: i.e. there is
no way to have a conformal field theory with both a con-
served magnetic flux and with dynamical electric charges.
Indeed this was recently demonstrated in a holographic
example [16] where non-conservation of ?J was correlated
with a lack of conformality. See also [17, 18] for related
work.
IV. ABELIAN KAC-MOODY ALGEBRA FOR
1-FORM SYMMETRIES IN MAXWELL THEORY
In this section we specialize to a 4d CFT with a 1-
form current J and show that we may construct in-
finitely many conserved charges. These charges will be
constructed on codimension-1 manifolds, and so, unlike
higher-form charges [1], are allowed to have nontrivial
commutators. We will show that they form an algebra
with central extension that can be thought of as a higher-
form generalization of the Abelian Kac-Moody algebra in
42d CFT. In this section, we will compute commutators
in the free Maxwell theory and in the next we will show
how they can be obtained generically in any CFT4 show-
ing explicitly that they can always be photonized as a
consequence of the conservation equation and conformal
invariance.
We begin by constructing the following projectors on
2-forms in Lorentzian (3 + 1)d:
P =
1
2
(1 + i?4) , P¯ =
1
2
(1− i?4) , (4.1)
PA2 ∧B2 = A2 ∧ PB2 , P¯A2 ∧B2 = A2 ∧ P¯B2 , (4.2)
where the second equality shows how to pass the projec-
tor through a product of 2-forms. As shown previously,
in a CFT4 J and ?4J are both necessarily conserved, and
thus the current may be split into separately conserved
self-dual and anti-self-dual currents j and j¯.
j ≡ PJ , j¯ ≡ P¯ J , d ?4 j = d ?4 j¯ = dj = dj¯ = 0 .
(4.3)
These are the analogues of left and right-moving currents
in 2d CFT. Specializing to the anti self-dual sector, con-
sider now a chiral 1-form Λ that satisfies
P¯ dΛ = 0 . (4.4)
For any choice of such a 1-form, the 3-form j¯ ∧ Λ is
closed:
d(j¯ ∧ Λ) = j¯ ∧ dΛ = j¯ ∧ P dΛ = P j¯ ∧ dΛ = 0 . (4.5)
Thus we can integrate this form over a 3-manifold to
construct a conserved charge Q¯(Λ).
Q¯(Λ) =
∫
j¯ ∧ Λ . (4.6)
We may do the same in the self-dual sector. We see
that we have infinitely many conserved charges Q¯(Λ) and
Q(Λ¯). Note that shifting Λ → Λ + dφ with φ a 0-form
does not alter the charges (up to boundary terms); thus
there is a gauge redundancy in the parametrization of
charges. The same holds for Λ¯.
Above we have argued that any theory with this sym-
metry structure can be photonized to free electrody-
namics, and so it is thus perhaps not surprising that a
free theory has infinitely many conserved charges. They
should be thought of as higher-form analogues of the in-
finitely many left and right moving charges of an abelian
current in 2d CFT. In particular, in the 2d case the ana-
logue of the chirality condition (4.4) is simply a restric-
tion to holomorphic and anti-holomorphic test functions.
It is also intriguing to note that though we started
with a 2-form current, the charges Q¯(Λ) and Q(Λ¯) are
defined by integrals on 3-dimensional manifolds and thus
are similar to “ordinary” charges arising from a 0-form
symmetry. In particular, unlike charges defined by in-
tegrals on lower-dimensional manifolds [1], any two of
these charges will have a definite ordering in spacetime
and thus can have non-trivial commutators.
We now compute these commutators. We will do this
using free Maxwell theory in this section. In the following
section we develop a formalism that can be used to per-
form this calculation without resorting to the free field
realization and, thus, showing explicitly the phenomenon
of photonization. Consider
S = − 1
4g2
∫
d4xF 2 , Jµν ≡ 1
2
εµνρσFρσ , (4.7)
with F = dA and A a photon field. With this normaliza-
tion of the action k as defined in (3.1) satisfies k = g
2
2pi2 .
From the fundamental commutation relation
[Ai(x), Ftj(y)] = ig
2δijδ
(3)(x− y) (4.8)
we obtain the following commutator between the cur-
rents:
[J ti(x), Jkl(y)] = ig2
(
δik
∂
∂xl
− δil ∂
∂xk
)
δ(3)(x− y) .
(4.9)
It is then straightforward to derive the following mixed
commutator between the charges, which we assume are
constructed as integrals on a constant time-slice in flat
4d space:
[Q¯(Λ), Q(Λ¯)] = −g
2
2
∫
d3x εijkΛi∂jΛ¯k . (4.10)
The right-hand side is the advertised central extension.
This can be seen to be a natural generalization to higher
dimension of the Abelian Kac-Moody algebra in 2d, with
the central term taking a very similar form and with
the U(1) gauge coupling playing the role of the Kac-
Moody level3. The diagonal commutators [Q¯(Λ), Q¯(Λ)]
and [Q(Λ¯), Q(Λ¯)] are both total derivatives. This is an in-
teresting difference from 2d, where it is instead the mixed
commutator between holomorphic and anti-holomorphic
currents that is trivial.
V. TWISTOR LANGUANGE FOR CFT4’S
In the case of CFT4’s with a conserved 2-form the
above discussion can be put in a completely covariant
formalism in terms of twistor variables allowing for a
computation without mention of the free field realiza-
tion. This formalism puts these theories on equal footing
to their CFT2s cousins and allows for the use of complex
analysis technology. We will show the phenomenon of
photonization in this language and develop a formalism
to discuss charges covariantly, recovering the results from
previous sections.
3 As we are studying an Abelian theory, the value of the gauge
coupling has physical significance only once the normalization of
periods of F is fixed, e.g. by fixing the charge lattice for electric
and magnetic charges.
5A. Photonization
It will prove useful to introduce spinorial notation. As
usual, an SO(4) vector index µ can be exchanged for a
pair of SU(2) spinorial indices αα˙ with α, α˙ = 1, 2. Using
this notation we can write a generic antisymmetric tensor
as
Jµν → Jαα˙ββ˙ = jαβα˙β˙ + j¯α˙β˙αβ , (5.1)
where j and j¯ are symmetric SU(2) tensors. Notice that
j and j¯ are the self-dual and anti self-dual parts of the
current 2-form. In this notation  acts like the metric
tensor. For example, the square of the position vector is
given by
x2 = αβα˙β˙x
αα˙xββ˙ . (5.2)
Using this technology we can construct the most general
form of two point functions between j and j¯ consistent
with SU(2) symmetry. They are
〈jαβjγδ〉 = f(x2) (αγβδ + βγαδ) , (5.3)
〈jαβ j¯γ˙δ˙〉 = g(x2)
(
xαγ˙xβδ˙ + xβγ˙xαδ˙
)
, (5.4)
〈j¯α˙β˙ j¯γ˙δ˙〉 = h(x2)
(
α˙γ˙β˙δ˙ + β˙γ˙α˙δ˙
)
. (5.5)
If we now demand conformal symmetry and use the fact
that j and j¯ have weight 2 under rescalings we obtain:
f(x2) ∼ 1
x4
, g(x2) ∼ 1
x6
, h(x2) ∼ 1
x4
, (5.6)
up to multiplicative constants.
Let us now add the requirement that the currents are
conserved, i.e.
∂αβ˙ j
α
β + ∂βα˙ j¯
α˙
β˙
= 0 . (5.7)
This implies f = h = 0. The only nonzero correlation is,
therefore, of the form:
〈jαβ j¯γ˙δ˙〉 = k
2
xαγ˙xβδ˙ + xβγ˙xαδ˙
x6
. (5.8)
The absence of null states makes the conservation
equations stronger, as in CFT2, implying separately the
conservation of the dual and self-dual currents.
∂αβ˙ j
α
β = 0 , (5.9)
∂βα˙ j¯
α˙
β˙
= 0 . (5.10)
This is equivalent to the statement that currents can
be represented by free Maxwell fields where the above
equations relate directly to the conservation of electric
and magnetic fluxes. Therefore our CFT4 has photonized
B. Infinite dimensional charge algebra
At this point it pays off to use twistor technology [19]
to write down the currents in terms of operators that are
holomorphic in CP3, parameterized by twistorial vari-
ables (zα, λα˙). We write:
jαβ(x) =
1
2pii
∮
dλω˙λω˙
∂
∂zα
∂
∂zβ
Q(z, λ) , (5.11)
j¯α˙β˙(x) =
1
2pii
∮
dλω˙λω˙ λα˙λβ˙ Q¯(z, λ) , (5.12)
where the integrals are over a closed contour in a CP1 pa-
rameterized by (zα, λα˙) = (x
αα˙λα˙, λα˙). The λω˙ integrals
are always understood at fixed xαα˙, not zα.
With this notation it is straight forward to check that
the following correlator for the Q’s reproduces (5.8).
〈
Q(z, λ) Q¯(z′, λ′)
〉
= pii k
αβBαCβ δ([λλ
′])
Bγ(z − z′)γCδ(z − z′)δ
[λµ′]
[λ′µ′]
,
(5.13)
where [λλ′] = α˙β˙λα˙λ′β˙ , µ
′ is a non collinear spinor to
λ′ and B and C are two independent spinors. Inte-
gration over the above expression over λ′ and λ proves
independent of µ′, B and C. A more covariant ver-
sion of the above formula can be obtained by replacing
δ([λλ′]) [λµ
′]
[λ′µ′] → 1[λλ′] and giving a contour prescription
for the integrals in (5.11) and (5.12)
The formula above is important as it puts correlators
in terms of a complex functions that can be integrated by
residues, exactly as in the more familiar CFT2 context.
It turns out that the Q operators have a clear physical
interpretation in terms of usual charges integrated over
compact codimension one surfaces. Consider as in the
previous section a chiral 1-form Λαα˙ such that its exterior
derivative is strictly self dual, dΛ = (dΛ)αβ α˙β˙ . Then we
can build conserved charges
Q¯(Λ) =
∫
j¯ ∧ Λ . (5.14)
Notice that charges defined on compact surfaces require
that Λ 6= dφ, as this would render them trivial as a conse-
quence of the conservation of the 2-form currents. Solv-
ing the constraints that Λ satisfies is hard in physical
space but straightforward in twistor space
Λαα˙ =
1
2pii
∮
dλω˙λω˙
µα˙
[µλ]
∂
∂zα
ϕ(z, λ) . (5.15)
Using (5.12) and (5.15) we can write, by going to mo-
mentum space kα dual to z
α,
Q¯(Λ) =
1
2pii
∮
dλω˙λω˙
d2k
(2pi)
2 Q¯(k, λ)ϕ(−k, λ) . (5.16)
If we pick a basis of functions:
ϕz,λ′(k, λ) = e
ikαz
α
2piiδ([λ′λ])
[λ′µ]
[λµ]
(5.17)
6and define
Λz,λ =
1
2pii
∮
dλ′ω˙λ′ω˙
µα˙
[µλ′]
∂
∂z′α
∫
d2k
(2pi)
2 e
−ikαz′α ϕz,λ(k, λ′)
(5.18)
we obtain:
Q¯(Λz,λ) = Q¯(z, λ) , (5.19)
which shows that the twistor space operators are nothing
else than charges. The equivalent statement can be made
for Q(z, λ) using 1-forms Λ¯ with anti-self dual dΛ¯,
Q(Λ) =
∫
j ∧ Λ¯ . (5.20)
Now we can exploit this language to derive a Kac-
Moody algebra satisfied by the conserved charges Q(Λ¯)
and Q¯(Λ). In this language the calculation is completely
analogous to the residue computation familiar in CFT2.
Let us compute
α˙β˙
[
jαβ(x) , Q¯(Λ)
]
=
α˙β˙
2
∫ 〈
jαβ(x) j¯γ˙δ˙(y)
〉
γδΛρρ˙ dy
γγ˙ ∧ dyδδ˙ ∧ dyρρ˙ . (5.21)
The fact that the above computation represents a com-
mutator is related to the choice of contours for the inte-
grals as in CFT2. We can compute the above quantity by
going as before to momentum space kα and performing
the space integrals. The result is:
α˙β˙
〈
jαβ(x) Q¯(Λ)
〉
= k
pii
2
∮
dλω˙λω˙
∂
∂zα
∂
∂zβ
ϕ(z, λ)
µ[α˙λβ˙]
[µλ]
= k
pii
2
∂
∂xβ[β˙
∮
dλω˙λω˙
µα˙]
[µλ]
∂
∂zα
ϕ(z, λ)
= −pi2k (dΛ)αβ α˙β˙ . (5.22)
We can now integrate this against a 1-form Λ¯ to obtain
the charge commutator[
Q(Λ¯), Q¯(Λ)
]
= −pi2k
∫
dΛ ∧ Λ¯ , (5.23)
which agrees with (4.10) and is consistent with the pho-
tonization of CFT4’s.
We expect that this formalism will prove useful in
understanding four dimensional gauge theories in a
gauge invariant manner.
VI. RELATION TO SOFT PHOTON
THEOREMS
In non-conformal theories (or, equivalently, theories
with dynamical electric charges) we cannot argue, as in
(5.6), that the self-dual and anti self-dual parts of the
currents are conserved. Therefore the construction from
the previous section is absent and there is no non-trivial
algebra of charges for theories defined on compact man-
ifolds.
If the theories are quantized, however, over non-
compact space-like surfaces Σ, we can mimic part of the
discussion above. The charges are now parameterized by
flat connections A = dφ as:
Q(A) =
∫
Σ
?4J ∧ A =
∫
∂Σ
?4J ∧ φ (6.1)
These charges are (up to electric-magnetic duality)
precisely those discussed in the asymptotic symmetry ap-
proach to soft theorems [20, 21] (see [22] for a review).
We see that these charges arise in a fully gauge-invariant
formalism and they extend to any QFT enjoying higher
form symmetries. We thus expect that the Kac-Moody
algebra appearing in [20] can be reproduced from (5.3)-
(5.5). It would be interesting to better understand this
connection.
VII. CONCLUSIONS
We conclude this short note with some directions for
further research. Our proof for the existence of Gold-
stone modes made heavy use of Lorentz invariance. We
do not believe this is necessary and it would be very
interesting to relax this assumption. This has direct rel-
evance to lattice models of emergent gauge fields and
finite-temperature dynamics.
Furthermore, it would be of great interest to extend
the results from this work to non-abelian gauge theories
and gravity. While there are known obstructions to the
construction of higher form currents for non-abelian al-
gebras [1], it is tempting to interpret massless degrees of
freedom in these theories (when they are free in the IR)
in terms of corresponding Goldstone modes.
We also find the similarity of the twistor formalism
for CFT4’s to the complex analysis tools in CFT2’s to
be intriguing. This suggests that (at least some sectors
of) some higher dimensional CFT ’s might show as much
structure as the well studied two dimensional case4. We
have only begun to work out the details of the twisto-
rial approach to higher form charges. In particular, 4d
conformal invariance acts as an SU(4) in twistor space,
which we did not attempt to keep manifest above. An-
other advantage of the twistorial approach is that is pro-
vides a natural language to discuss the physics of light-
ray operators which has proven of fundamental impor-
tance to understand the UV consistency conditions on
the space of CFT ’s [26–29]
Lastly, let us add that while we have not worked out
the details, we also expect a similar structure for massless
4 See [23, 24] for examples of this phenomenon in the presence
of supersymmetry and also [25] for examples including a WZW
term.
72-form fields in 6d, which could have implications towards
the understanding of the (2, 0) CFT6. See [30] for an
interesting discussion of asymptotic symmetries in p-form
theories.
Conceptually, this work can be viewed as progress to-
wards organizing quantum field theory in terms of the
dynamics of extended objects (which are charged under
higher form currents and are gauge invariant) rather than
local operators (which are charged under ordinary cur-
rents and are typically not gauge invariant)5. We antic-
ipate further developments – both applied and formal –
from this program.
Note added: In the final stages of preparation of this
paper, two pre-prints appeared on the arXiv with some
overlap with this work: [33] has some overlap with Sec-
tion III, and [34] presents an alternative route to the
gapless Goldstone modes in Section II.
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